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SYMMETRIC QUIVER HECKE ALGEBRAS AND R-MATRICES OF 
QUANTUM AFFINE ALGEBRAS IV 


SEOK-JIN KANG * 1 , MASAKI KASHIWARA 2 , MYUNGHO KIM AND SE-JIN OH 3 

/q\ /o\ 

Abstract. Let t/](g) be a twisted affine quantum group of type A y N ' or D y N ’ and 

let go be the finite-dimensional simple Lie algebra of type An or Djy- For a Dynkin 

quiver of type go, we define a full subcategory Cq of the category of finite-dimensional 

integrable [/'(g)-modules, a twisted version of the category Cq introduced by Hernandez 

and Leclerc. Applying the general scheme of affine Schur-Weyl duality, we construct 

an exact faithful KLR-type duality functor J-q : Rep(i?) — > Cq , where Rep(R) is the 

category of finite-dimensional modules over the quiver Hecke algebra R of type go with 

( 2 ) 

nilpotent actions of the generators x k . We show that J-q sends any simple object to a 

/q\ 

simple object and induces a ring isomorphism K(Rep(i?)) -^K(Cg ). 


Introduction 

This paper is a continuation of our previous works on symmetric quiver Hecke algebras 
and R-matrices of quantum affine algebras [15, 16, 18]. In particular, this work can be 
considered as a twisted version of [16]. 

The classical Schur-Weyl duality explains the close connection between the representa¬ 
tion theory of the symmetric group & k and the representation theory of general linear Lie 
algebra gl„ [31, 32], In [13], Jirnbo introduced a quantum version of Schur-Weyl duality 
between the Hecke algebra H k and quantized universal enveloping algebra U q (Ql n ). In 
[6, 7, 9], Chari-Pressley, Cherednik, Ginzburg-Reshetikhin-Vasserot constructed a quan¬ 
tum affine Schur-Weyl duality functor from the category of finite-dimensional represen¬ 
tations of the affine Hecke algebra H^r to the category of finite-dimensional integrable 
modules over the quantum affine algebra U q (A$). 
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Using the symmetric quiver Hecke algebras and A-matrices of quantum affine algebras, 
it was shown in [15] that one can construct quantum affine Schur-Weyl duality functors 
in a more general setting. Let {Wises be a family of good modules over a quantum affine 
algebra U' q {g). By investigating the distribution of poles of normalized A-matrices between 
the Vg’s, we obtain a symmetric quiver Hecke algebra R and a (t/' (g). A)-bimodule V. 
In this way, we construct the KLR-type quantum affine Schur- Weyl duality functor (or 
KLR-type duality functor for brevity) T from the category Rep (A) to the category C 0 
of finite-dimensional integrable [/'(g)-modules given by M y V <S>r M (.M G Rep(A)). 
Here, Rep (A) is the category of finite-dimensional modules over the quiver Hecke algebra 
R on which the generators Xk act nilpotently. When R is of finite A, D, E type, T is 
exact ([23]). With various choices of quantum affine algebras and good modules, one can 
construct a lot of interesting and significant KLR-type duality functors. 

In [15, 18], by taking {U(w 1 )(_ g ) 2 as the family of good modules over U q (A$) 
(N G Z> 2 , t G {1,2}), we constructed the exact functor T from Rep(A) to C° (t) , and 
investigated properties of T and the relationships among the categories Rep(A), C° (1) 

a n 

and C° (2) . Here C} 1 is the category of finite-dimensional modules over the quantum affine 

algebra [/'(g) introduced in [11] and R is the quiver Hecke algebra of type A^. 

In [16], motivated by the work of Hernandez and Leclerc [12], Kang, Kashiwara and 

Kim applied the general scheme to the quantum affine algebras U q (A$), U q (D$) and 

their fundamental representations. Let gb) be an untwisted affine Kac-Moody algebra of 

type A$ or and let g ( j ' 1 be the classical part of g (1 \ the finite-dimensional simple 

Lie algebra of type A N or D N inside g (1) . We denote by R 1 ' 1 and Iq the index set 

of simple roots for g ( b and g^, respectively. Let A + {1) be the set of positive roots of 

So 

gi 1 ' and n (p the set of simple roots. For any Dynkin quiver Q of type gi 1 ^, we set 
00 

Lq = </>~ 1 (A + (1) x {0}) C 4 1} x Z, the Auslander-Reiten quiver of Q. (See Section 2 
So 

for more details including the definition of </>.) We take the fundamental representations 
V(wi) (i G 4 1} ) as the family of good modules over Ld(g^) and take the index set 
J = 0 _1 (H g (i) x {0}) together with the maps s ^: J —> I ( () l> and X^: J —> k x given by 
s*- 1 -*: (i,p) i-A- i, Xb): (i,p) ha (~q) p for (i,p) G J. Then the corresponding quiver Hecke 
algebra R is of type g^ (i.e., A N or D N ) and the KLR-type duality functor is an exact 
functor Eq' 1 : Rep (A) -A Cq\ where Cq^ is the full subcategory of C g ( n introduced in [12]. 
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Moreover, Rq' 1 
K(Rep(/?,)) 


sends any simple object to a simple object and induces a ring isomorphism 

K (C™). 


In this paper, we extend these results on g^ 1 ' to the twisted quantum affine algebras 
U' q {g) of type (N > 2) and (N > 4) (see Remark 3.1). As in the untwisted case, 

we take the fundamental representations V(w j) (* e J 0 ) as the family of good modules. 
But to take care of twisted setting, we need to develop some twisted techniques. 

Let g (t ) = (t = 1,2) or gW = (t = 1,2). Let g^ be the classical part of g^b 
Let I® and Iq' 1 be the index set of simple roots for gW and g®, respectively. 

For an arbitrary affine Kac-Moody algebra g, we denote by <R(g) the quiver with the 
evaluation modules of fundamental modules of U'(g) as vertices and with the arrows 
determined by the poles of the normalized R-matrices (see (3.5)). 

Then we have a quiver isomorphism 


( 0 . 1 ) 


7r g w- ^o(g (1) ) -^^o(g (2) )- 


where J?o(g®) is a connected component of ^(g^) (t = 1,2) (Proposition 3.3). 

Set J = </> _1 (II (i) x {0}). Then we have defined a map J —» 1^ x k x ~ ^(gC)). 

Its image is contained in ^(g* 1 )). Composing it with (0.1) we obtain s ® : J —> Iq 2 ' 1 and 
A^ 2 ): J —» k x . Then the quiver associated with J and ( X s®) (see (2.2)) coincides 
with Q rev , the reversed quiver of Q. Hence the associated quiver Hecke algebra R is of 
type g[) , i.e. R = R An or R Dn . Thus, we obtain an exact KLR-type duality functor 

Fq ^ : R e P (R) Cg(2) . 

Note that we have already constructed an exact functor Rq 1 : Rep(R) —> C g (p with the 
same quiver Hecke algebra R. 

The main results of this paper are the following: 

/ o\ 

(i) Rq ' sends the simple objects to simple objects. 

(ii) Rq' 1 gives a bijection between the set of simple objects in Rep(R) and the set of 
simple objects in the full subcategory Cq of C g ( 2 ) defined in Definition 4.3. 

/’o) /o\ 

(iii) Rq restricts to a faithful functor from Rep(R) to the category Cq . 

(iv) Rq' 1 induces a ring isomorphism K(Rep(i?)) ^AK(Cq' ) ). 

(v) The ring isomorphism K(Cq^) ^A-K(Cq^), which is obtained by (iv) and the ring 
isomorphism K(Rep(R)) -^K(C^), preserves the dimension. 
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Note that a similar relationship between C g (i) and C g < 2 ) have been also studied by Hernan¬ 
dez [10] with an approach using ^-character. He showed that there is a ring isomorphism 
between the Grothendieck rings K(C g ( o) and K(C g { 2 )), which sends Kirillov-Reshetikhin 
modules to Kirillov-Reshetikhin modules. This is one of our motivations. 

This paper is organized as follows. In Section 1, we briefly review some of basic knowl¬ 
edge on quiver Hecke algebras and quantum affine algebras. In Section 2, we recall the 
general construction of KLR-type duality functors and its application to untwisted quan¬ 
tum affine algebras. In Section 3, we investigate the relation between untwisted and 
twisted quantum affine algebras. In Section 4, we prove the main results of our paper. 
Section 5 deals with the existence of non-zero //'(g)-module homomorphisms between 
evaluation modules of fundamental representations and their tensor products. 

1. Quiver Hecke algebras and quantum affine algebras 

1.1. Quantum groups associated with Cartan datum. In this subsection, we recall 
the definition of quantum groups. Let / be an index set. A Cartan datum (A, P, P v , n, n v ) 
consists of 

(1) a generalized Cartan matrix A = (cqQije/ satisfying 

an = 2 (i el), aij G Z< 0 (i ^ j ) and a tJ = 0 a Jt = 0, 

(2) a free abelian group P, called the weight lattice, 

(3) P v = Hom(P,Z), called the co-weight lattice, 

(4) n = {cu | ie/}, called the set of simple roots, 

(5) n v = {hi | i G /}, called the set of simple co-roots, 

such that 

(a) {hi,ci!j) = a i3 for all ij G I, 

(b) n and n v are linearly independent sets, 

(c) for every i G I, there exists A* G P such that ( hj,Ai ) = Sij. 

We say that A is symmetrizable if there exists a diagonal matrix D = diag(s,j G Z >0 | i G /) 

such that DA is symmetric. We call Q := 0 Zcu the root lattice and Q + := J2iei ^>o a i 

iei 

the positive root lattice. For f3 = J2iei n i a i e Q + ; we se ^ 

ht(/3) = E rii G Z> 0 and supp(/3) = {/ G / | n* > 0}. 
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Let A be a symmetrizable generalized Cartan matrix and let q be an indeterminate. Let 
( , ) be a non-degenerate symmetric bilinear form on Q P satisfying (hi, A) = ——-—l 

\(%i? &i) 

for every i G I and A 6 Q P. 

For i G / and m G Z, we set g* := q b 1 ; [m]j = (g” 1 — q[ m )/(qi — qff 1 ) and [mjj = 
nr=iMu Let us denote by d the smallest positive integer such that d e Z for all 

i e I. 

Definition 1.1. The quantum group U q (g) associated with a Cartan datum (A. P, P v , II, Ll v 
is the associative Q(g 1 / d )-algebra generated by e*, /* (i G I) and q h (h G d _1 P v ) subject 
to the following relations: 

(i) g° = 1, q h q h ' = q h+h ' for h, h' G d -1 P v , 

(ii) g^e* = q^ h,ai ^eiq h , q h f i — q-( h , a i)f.q h f or h g d _1 P v ) 

(m) e.j/j - /j-e* = —--31- for -A* := g 2 


1 fli ' 


VI 


^ (—l)V i_ ^ 


Qi-Qi 

fc (1 -aij-k) (k) 


1 - 


e i e i = 


E (-l)y< 1 -“«-‘>/ J /f ) = 0 for i / j. 


k =0 


/c=0 


Here e-^ := e*/[/;]*! and f- k) := /*/[&]*! for k G Z> 0 . 

The quantum group U q {g) has a comultiplication A which is dehned by 

A(e») = SiSiKr 1 + 1(8)6*, A(/;) = fc ® 1 + LQ <g) /< and A(q h ) = q h ®q h . 

1.2. Quiver Hecke algebras. I 11 this subsection, we shall review symmetric quiver Hecke 
algebras. Let k be a field and A = be a symmetric Cartan matrix. We denote 

by Q + the positive root lattice associated with A. We normalize the symmetric bilinear 
form ( , ) by (ag, a,-) = a y -. We choose a matrix Q A = ( Qij)i,jei 


( 1 . 1 ) 


Qi,j(u,v) = 


Cij(u-v) aij if i j, 

0 if i = j. 


where c l3 G k x and we assume Qij(u,v ) = Qj ti (v,u). 

For (3 G Q + with lit (/3) = n, we set 

r 3 := {u = (i/j,..., Vn) G J n | + • • • + a Vn = /?}. 

The symmetric group & n = (s^ \ 1 < i < n) on n-letters acts on I n by place permuta¬ 
tions in a natural way. 
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Definition 1.2 ([21, 30]). For (3 G Q + with ht(/3) = n, the symmetric quiver Hecke algebra 
(or KLR-algebra) R(/3) at /3 associated with a matrix Q A is the k-algebra generated by 
three sets of generators 

{xk | 1 < k < n}, {re | 1 < i < n}, {e(is) \ v G P 3 } 


satisfying the following relations: 

(i) e(is)e{is') = 6 v ye(u), e M = 1 , 

(ii) x k e(is ) = e(u)x k , x k x k > = x k >x k , 

(hi) ne(v) = e(si(v))n, n>n = nn> if K _ ^1 > 1) 

(iv) r%e{is) = Qu e ,u t+ 1 {xi,xi + l)e(zz), 

f -e(is) if k = l and ve = i/ e+ 1; 
e(is) if k = £ + 1 and 17 = v t+ i, 


0 


(vi) (n + iTf.n +1 - TiTe+iTi)e(u) = 5 t 


otherwise, 

QviM+l (x£, X£|l) 


Q 


Vt,Vl +1 


{xe- 1 - 2 , %t+\) 


l/ e> l 'e +2 


-e is 


x e - xe+2 


Note that, for each a*, the quiver Hecke algebra R(oti ) is isomorphic to k[x]. Thus there 
exists an /?,(cq)-module L{i) = k u{%) defined by x ■ u(i) = 0. 

We denote by Rep(i?(/3)) the category of finite-dimensional i?(/3)-modules M such that 
the actions of x k (1 < k < ht(/3)) on M are nilpotent. 

For /?, 7 G Q + with ht(/3) = m and ht(y) = n, we define the idempotent e(/3, 7 ) in 

R(P + 7 ) by 

e(£,7) = e ("*P) 

where is*^i= (is 1 ,... , u m , fi u .. ., ji n ) for is\= (isi,... ,is m ) G I 13 and /x:=(/ii, ...,//„) G J 7 . 
Let Lp t7 be a k-algebra homomorphism 


i/ 3 ,7 : W) ® R( 7 ) —> e(/ 3 ,7) W + 7)e(/3,7) 

given by 

t A7 (e(z/)0e(/x)) = e(z/*/i), 
i/3,y(x k <8 1 ) = x k e(/ 3 , 7) (1 < k < m), 
ta i 7 (l®:r fe ) = x m+k e(( 3 , 7 ) (1 < k < n), 
^,7(Rfc ® 1) = Rfce(/ 3 ,7) (1 < k < m), 
i/ 8 , 7 (l ®T fc ) = r m+k e((3, 7 ) (1 < k < n). 


( 1 . 2 ) 
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For an /?(/3)-module M and an i?( 7 )-module N, we define their convolution product 
M o N as follows: 

(1.3) M o N := R(/3 + 7 )e(/ 3 , 7 ) ® (M®N). 

R(J3)®R(r/) 

Then the category Rep(-R) := 0 Rep(i?(/3)) becomes a tensor category in the sense of 

/3eQ+ 

[15, Appendix A.l] induced by the convolution product. We denote by K(Rep(R)) the 
Grothendieck ring of the category Rep(-R). 


1.3. Quantum affine algebras. I 11 this subsection, we briefly recall the representation 
theory of the quantum affine algebra U q (g). We refer to [1, 4, 20] for the basics on the 
representation theory of quantum affine algebra U' q (g). 


The affine Cartan datum (A, P, P v , II, II V ) consists of 

(1) an affine Cartan matrix A, 

(2) a weight lattice P = (0ZAj) © Z<5, where 6 is the imaginary root, 

iei 

(3) a set of simple roots II = {cq | i G /}, where 

_ j E j6 7 if i e Jo, 

[Sj 6 7 a joAj + S if 7 = 0, 

(4) The simple coroots hi G P v are defined by ( hi,Aj) = Sij and (hi, 5) = 0. 
Note that 

Z<5 = {A G Q | (hi, A) = 0 for all i G /}. 

Let us denote by c = Yhi&i c ihi (<7 G Z >0 ) the unique element in P v such that 


Zc = {h G P v | (h, ot.i) = 0 for all i G /}. 


Write S = We take a symmetric bilinear form on Q<S>z P such that 


(cq, ccj) = c,d t 1 a ij ( i,j G /) and (Aj, A) = 

Then we have (6, A) = (c, A) for all A G P. 

We denote by 


2(a», A) 

(oti,ai) 


for all A G P and i G /. 


• g the affine Kac-Moody Lie algebra with an affine Cartan datum (A, P, P v , II, II V ), 

• U q (g) the quantum group associated with the affine Cartan datum (A, P, P v , II, II V ), 

• U' q (g) the subalgebra of U q (g) generated by e i: fa and K± L for all i G /. 
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We call U' q (o) the quantum affine algebra. 

Whenever we deal with the Ld(g)-modules, we take the base field k to be the algebraic 
closure of C (q) in U m> 0 C((g 1//m )). 

We take an element 0 in / where 0 denotes the leftmost vertices in the tables in [14, 
pages 54, 55] except case in which we take the longest simple root as «o- We set 

h := / \ { 0 }. 

Let go be the finite-dimensional simple Lie subalgebra of g generated by e*, /,; for i G Iq, 
called the classical part of 0 , 

Set P c i := P/Z S and call it the classical weight lattice. Considering the canonical pro¬ 
jection cl: P —> P c i, we have 

Pci = 0 Zcl(Aj). 

i&I 

We say that a f/'( 0 )-module M is integrable if 

(i) it is Pd-graded; i.e., 

M = 0 M\ where M x = {u G M j K % u = qf'^u for all i G /}, 

AgPd 

(ii) for all i G /, e* and /, act on M locally nilpotently. 

We denote by the category of finite-dimensional integrable f/'( 0 )-modules. Note 
that is a tensor category induced by the comultiplication 

A simple module M in ^ 0 contains a non-zero vector u of weight A G P c i such that 

• (c, A) = 0 and (h*, A) > 0 for all i G Iq, 

• all the weight of M are contained in A — Y2iei 0 ^>o c l(«*)• 

Such a A is unique and u is unique up to a constant multiple. We call A the dominant 
extremal weight of M and u the dominant extremal weight vector of M. 

For a Pd-graded ? 7 g( 0 )-module M, M^g denotes the P-graded f/g( 0 )-module defined by 

(i) M aff = 0(M afr ) A such that (M aff ) A ~ (M) c i (A) , 

AeP 

(ii) the actions of e* and fi are defined in such a way that they have weight ±ctj and 
commute with the canonical projection cl: M a g —)■ M. 

For iGk x and M G we define 
(1.4) M x ■= M a ff/ (z M ~ x)M aS 
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where zm denotes the [/'(g)-module automorphism of M a g of weight S, defined as the 


composition (Mzs)\ -^AM C i(a) -^(M a g)\ + 5. For each i G Jo, we set 

Wi := gcd(c 0 , Cj) _1 cl(c 0 Ai - C;A 0 ) G Pci- 


Then there exists a unique simple Ld(g)-module V[wi) in ^ g , called the fundamental 
module of weight Wi, satisfying the following conditions: 

(i) all the weights of V(wi) are contained in the convex hull of W 0 uj tJ 

(ii) dim f) m = 1 and V(wf) = U' q (g) ■ u Wi , 

(iii) for any p G WqWi C P c i, we can associate a non-zero vector u M of weight /i such 


that 



Here Wq denotes the Weyl group of 0o and u- Wi denotes the dominant extremal weight 
vector of weight ru*. 


The module V{wf) x (x G k x ) has the left dual (V(w j)x)* and the right dual *{V(wi) x ) 
with the following f/^(g)-module homomorphisms (see [1, §1-3]): 


(yi^i)x)* ®V{wf) x k and V{wf) x <g> *(V{wi) x ) —k, 


where 



Here p (respectively, p v ) denotes an element in P (respectively, P v ) such that (hi, p) = 1 
(respectively, (p v , af) = 1) for all i £ I, and * i— > i* denotes the involution on Iq given by 
= —w 0 ai*, where w 0 is the longest element of W 0 . 

We say that a £7'(g)-module M is good if it has a bar involution , a crystal basis with 
simple crystal graph, and a global basis (see [20] for precise definition). For instance, every 
fundamental module V(wf) for i G Jo is a good module. Note that every good module 
is a simple Ld(g)-module. Moreover the tensor product of good modules is again good. 
Hence any good module M is real simple, i.e., M is simple. 


2. KLR-type Schur-Weyl duality functors and Auslander-Reiten quiver 

In this section, we recall the KLR-type Schur-Weyl duality functor T constructed in [15] 
which depends on the choice of a family of good [/'(g)-modules and spectral parameters. 
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We also recall the notion of Auslander-Reiten quiver Tq which was used in [16] to construct 
an exact functor when g = A$ and D$. 

2.1. KLR-type Schur-Weyl duality functors. For simple L^(g)-modules M\ and M 2 , 
there exists a unique [/'(g)-module homomorphism 

. M 2 ( z l, z 2 ) '■ (Afi)aff <S>(M 2 ) a ff —i > k(^i, Z 2 ) ® (M 2 )gff ®(Mi)gtf 

k \zt\zt 1 ] 

which sends u\ ® u s to u 2 ®u\. Here Zk '■= zv k denotes the Ld(g)-automorphism of {Mk)aft 
of weight S, and Uk is a dominant extremal weight vector of Mk (k = 1,2). We call the 
£/'(g)-homomorphism R j m™m 2 (zi, z 2 ) the normalized R-matrix between Mi and M 2 . 

We denote by dM lt M 2 ( z ) the denominator of Rm™m 2 (zi, z 2 ) which is the monic polyno¬ 
mial of the smallest degree in k[z] such that 

(2.1) dM 1 ,M 2 (z 2 /z^R^/fyi^Zi, z 2 ): ®(M 2 ) a ff —>■ (M 2 ) aff ®(M 1 ) aff . 

Let { 14} sS 5 be a family of good U' q (g )-modules labeled by an index set S. Let u s be a 
dominant extremal weight vector of V s . 

For a triple (J, X, s ) consisting of an index set J and two maps X: J —* k x , s: J —>• S, 
we dehne a quiver 1 in the following way: 

to s% j = 

(2.2) (ii) For i,j £ J, we put d^ many arrows from i to j, where is the order of 

the zero of d Vs{i) y s(j) {z) at z = X(j)/X(i). 

Then is a quiver without loops and 2-cycles, i.e., d t] d 3i = 0. We dehne a symmetric 
Cartan matrix A J = (a^)ij e j by 

a i:j = -d ij - d ji if i ± j, and an = 2 . 

Let Q + be the positive root lattice associated with the Cartan matrix A J . Then, for 
/3 £ Q + , we can dehne the symmetric quiver Hecke algebra R J (/3) associated with a matrix 
Q A ' J = (Qij)ijeJ such that 

Qij(u , v) — (u — v) dij (v — u) dji for all i ^ j £ J. 

Theorem 2.1 ([15]). For each [3 £ Q + , there exists a functor 

Ty Rep (R J (/3))^% 


enjoying the following properties: 
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(a) T ai (L(i)) ~ iy s{ i))x(i) for every i e J, T 0 (R J ( 0)) ~ k for every neZ. 

(b) Set 

T'.= © J- 3 : Rep(/? J ) —S- 

/3eQ+ 

Then for any M e Rep(i? J (/3)) and N e Rep(i? J ( 7 )) ; t/iere exists an U' q (g)-module 
isomorphism 

T{M o N) ~ JT(M) (8) J’(iV) 
functorial in M and N. 

(c) If the underlying graph of a quiver is of finite type A, D or E, then the functor 

T is exact. In particular, T induces a ring homomorphism 

K(Rep(R J )) -A K(%). 

We call T the KLR-type Schur- Weyl duality functor. 

2.2. Auslander-Reiten quiver Tg. In this subsection, we briefly review the combinato¬ 
rial feature of the Auslander-Reiten quiver Tg of a Dynkin quiver Q of a finite-dimensional 
simply-laced simple Lie algebra g 0 - 

Throughout this subsection, we denote by Wq the longest element of the Weyl group 
Wo of g 0 ? blgo the set of simple roots of go and A+ (respectively, A“) the set of positive 
(respectively, negative) roots of g 0 . 

Let Q = (Q 0 , Q i) be a Dynkin quiver of g 0 . For a vertex i, we denote by s*Q the quiver 
obtained from Q by reversing all arrows in Qi incident to %. We say that a vertex i G Qo 
is a source (respectively, sink) if every arrow incident to i starts (respectively, ends) at i. 
For a reduced expression w = ■ ■ ■ Si t of w G Wq, we say that w is adapted to Q if 

ik is a source of the quiver Si k l ■ ■ ■ s^Q for all 1 < k < l. 

It is known that there exists a unique Coxeter element r which has a reduced expression 
adapted to Q. In fact, all the reduced expressions of such a r are adapted to Q. 

A map f: Qo ► Z is called a height function if + 1 if there exists an arrow 

i —> j G <5 1 - Since Q is connected, any pair £ and £' of height functions differ by a 
constant. We fix such a height function and we define the repetition quiver Q as follows: 

(i) Qo = {( i,p ) e Qo x Z | p - £ g 2 Z}, 

(ii) Q i = {(i,p) —> ( j,p + 1) | i and j are adjacent in the Dynkin diagram of g 0 }. 
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Note that there is a path from (i,p) to (j,r) in Q if and only if d(i,j) < r — p, where 
d(i,j ) is the distance of i and j in the Dynkin diagram except the case go — A\. 

Set A 0O := A+ x Z. For j 6 7 0 , we define an element 7 j G A+ as follows: 

(2.3) 7< = 

j£B(i) 


where R(i) denotes the set of vertices j such that there exists a path from j to i in Q. 
We define a bijection </>: Q 0 —>■ A 0O in an inductive way ([12, §2.2]): 


(i) 0(i,&) = (7i>0)> 

(ii) for a given (3 G A+ with 4>(i,p) = (j3,m), 

• if r(/3) G A+, then (j>(i,p-2) := (r(/3),m), 

• if t((3) G A", then <j>(i,p-2) := (-r(/3),m - 1), 

• if T~\f3) G A+, then 0(i,p + 2) := (r” 1 ^),™), 

• if r _1 (/3) G A", then <j)(i,p + 2) := (-r _1 (/3),m + 1). 


The Auslander-Reiten quiver Tn is the full subquiver of Q whose set of vertices is 

^(A+ x{0}). 

We say that a (partial) order y< on A+ is convex , if it satisfies the condition: 

either /3 A /3 + 7 A 7 or 7 A /3 + 7 A whenever /3 ,7 G A+ satisfy 
(2 ' 5) ^+7^;. 

The Auslander-Reiten quiver Tg dehnes a convex order on A+ as follows (cf. [29]): 


(2.6) /3 7 if and only if d(i,j ) < a — b, 


where 0 1 (/3, 0) = (i,a) and </> 1 (7,0) = (j : b). Note that ([2, 29], see also [33, §1]) 
(2.7) /3 7 if and only if there exists a path from 0 _1 (7, 0) to </> _1 (/ 3 , 0) in Yq. 


On the other hand, for an arbitrary hnite-dimensional simple Lie algebra g 0 , any reduced 
expression wq — ■ ■ ■ s ir of the longest element w 0 of g 0 induces a convex total order 


<w 0 on A+ 


/ 3 k <555 A if and only if k < l. 


Here (3k := ■ ■ ■ Si kl ai k (1 < k < r). Conversely, any convex total order is obtained in 

this way by a reduced expression of w 0 ([28]). 
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It is proved in [2] that, for every reduced expression wq of w 0 adapted to Q, the convex 
total order induced by uf, is stronger than the order -<q, i.e., for ^,7 6 A+ (3 A q 7 
implies (3 7 . 

For a convex order 7 ? and a positive root a, a pair of positive roots (/3, 7 ) is called a 
minimal pair 0 / a if /3 + 7 = a, [3 F a F ^ and there exists no pair (/3 7 ') other than 
(/ 3 , 7 ) such that (3' + 7 ' = ct and (3 -< [3' A a A 7 ' ■< 7 . 

2.3. The functor 3Fq ^ . In this subsection, we briefly review the properties of the functor 
3Fq } which were investigated in [16]. 

For simplicity, we denote by dk,i(z) or df^z) the denominator dv( Wk )y( Wl ){z) between 
the fundamental bd(g)-modules V(wk) and V{wf) (k,l G J 0 ) (see (2.1)). 

In [1, 16], the denominators dk,i(z) for g = and D jy are computed as follows. Note 

that we have dk t i(z) = di t k(z). 

Theorem 2.2. 


(a) For g = (N > 2) and 1 < k,l < N, we have 


<fw= n - (-«) M+2 ’)- 


min(k,l,N+l—k,N+l—l) 


( 2 . 8 ) 


S=1 


(b) For g — D 1 }^ (N > 4) and 1 < k,1 < N, we have 


(2.9) 


n (- - (-<?) |fc - ,|+2 uu - <-?) 


2N-2-k-l+2s 


) if l < M < N -2, 


s=l 

k 


~[{z - (~q) N - k - M ‘) 


N-k-l+2s 


if l<k<N — 2 and l e {N — 1, N}, 



ifk^le{N,N- l}, 


S=1 


ri(;-(-«) 4 - 2 ) 


if k —l e {N- 1,1V}. 


The following theorem is one of the main results in [16]. 
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Theorem 2.3 ([16, Theorem 4.3.1]). Let g^ be an affine Kac-Moody algebra of type 
or D$. We take the index set 

J ^ _1 (n (i) x {o}) 

0 o 

and two maps : J —* Jg 1 ’ := {1, 2,..., IV} and X ^ : J —> k x such that 

s^\i,p) — i and X^if.p) = (— q) p . 

Then the quiver in ( 2 . 2 ) coincides with the quiver Q rev obtained from Q by reversing 
all the arrows. 

For a given Dynkin quiver Q of g^, we set 

Vq(P) :=V(wi) { _ q)P where 0 _ 1 (/3, 0 ) = (i,p). 

Definition 2.4 ([12]). The category is dehned to be the smallest full subcategory of 
such that 

(a) it contains Vq(/3 ) for all f3 e A+ and the trivial representation, 

(b) it is stable under taking tensor products, subquotients and extensions. 

We define an order -< z on Z > 0 (r e Z >0 ) as follows: 

rrf = (m),..., m' r ) -<% m = (mi,..., m r ) if and only if there exist integers 
( 2 . 10 ) k, s such that 1 < k < s < r, m' t — m t (t < k), m! k < m*,, and m' t = m t 
(s < t < r), m' s < m s . 

Theorem 2.5 ([24], see also [22]). Let go be a finite-dimensional simple Lie algebra. 
We fix a reduced expression wf = ■ ■ ■ Si r of the longest element wo G Wo, and set 

fik = Sjj • • • Si kl ai k . Let R be the quiver Hecke algebra corresponding to go- Then for every 
fik £ A+, there exists a simple R(fik) -module S^fifik) satisfying the following properties: 

(i) For every m = (m 1; ..., m r ) e there exists a non-zero R-module homomorphism 

V Vi-o(m) := SsjlA) 0 ™ o • ■ ■ o S s 5 (A-)°" v 

—» V s (m) := Ssr a (p r f m ' o...o S m (0i) Om '. 

Such a morphism is unique up to a constant multiple, and Im(r m ) is a simple module 
and coincides with the head of V 555 (m) and the socle of V ^(m). 
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(ii) For every m = (mi,..., m r ) E Z> 0 , we have 

[V555(771)] e [Im(rJ]+ Z >o[ Im ( r „ 0 ]' 

(iii) For any simple R(/3)-module M, there exists a unique m = (mi,..., m r ) E Z > 0 such 
that 

M ~ Im(rJ ~ hd ( V 55 (m)). 

(iv) For any minimal pair (/3k, (3i) of (3j = (3k + (3i, there is an exact sequence 

0 —>■ S^(/3j) -e Sfifc((3k) ° Sfif 0 (/3i) —> Sfif 0 (f3i) o S^((3k) -e S^(/3j) -e 0 
with a non-zero r. 

Remark 2.6. In [24] (see also [22]), it is shown that the simple module S^((3) corresponds 
to the dual PBW generator of U~(g 0 ) of weight —(3, under the isomorphism between the 
Grothendieck ring K(A-gmod) and the dual integral form of U~(qo). Here -R-grnod is 
the category of finite-dimensional graded A-modules. As a result, we have the following 
properties: 

(a) For every simple root a*, we have S^(af) — L(i). 

(b) For any pair of reduced expressions Wq and w/f of w 0 which are adapted to Q , we 
have 

StrM-Sm'W) for all 0 € 

Thus we will denote by Sq((3) the simple R((3 )-module S^((3) for a reduced ex¬ 
pression uTq adapted to Q. 

From now on, we assume that 0 (1) = A$ or D$, and take a Dynkin quiver Q of type 
00 - We also denote by R(/3) the quiver Hecke algebra R J (/3 ) associated with the triple 
(J, X^ l \ sW) in Theorem 2.3. Hence the quiver Hecke algebra is of type An or Dn- Then 
we have an exact functor 

■ Rep(R) 

By Theorem 2.1 (a), one can observe that 

Jq\ l U)) - v a( a j) for an y j e J o- 

Theorem 2.7 ([16]). 

(i) For every (3 E A+, we have 


r$\s Q m = V Q (J 3 ). 
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(ii) The functor T { q sends a simple object to a simple object and it induces a ring 
isomorphism 


3. Similarities between untwisted cases and twisted cases 

In this section, we first recall the denominators of normalized i?-matrices of type A K N 
and D K N . Next, we shall observe similarities between the representations of quantum 
affine algebras of untwisted types and twisted types, i.e., the similarity between klly and 
A$ (N > 2) and the similarity between D$ and (N > 4). 

Remark 3.1. In this paper, we follow the enumeration of vertices of Dynkin diagram of 
type A$ (t = 1, 2, N > 2) and (t — 1, 2, N > 4) as follows. 

• A$ (N > 2) 



N -1 N 


A%! (n > 2) 


71—1 


-o< 

1 


q = q t for 1 < i < n. 


A 


( 2 ) 


: O 

' 0 


Qo = Q 2 , Qi = Q 1/2 - 


A ?n-1 (n > 3) 


q = q i: for i ^ n. 


71 — 1 


A 


( 2 ) 


(N > 4) 


>o q = q 0 = qii q 2 = q 


-o- 


-or 


N -3 N—2 


N—l 


N 


off (N > 4) o< 


q = % = qn- i- 


0 1 N -2 N—l 

( 2 ) ( 2 ) 
In particular, the affine Kac-Moody algebra of type klg should be understood as D 3 . 

In these cases, i* and p* in (1.5) are given as follows: 

(N+l-i if g = 

(3.1) i* = < N — (1 — e) if g = D^\ N is odd and % — N — e, e — 0,1, 

I i otherwise, 
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and 


(3.2) 


i~q) N+1 

if g 

- d (1) 

( ~q) 2N ~ 2 

if g 

— D^ 

— dJ N 

-q N+1 

if g 

- a {2) 

(-1 ) N q 2 (N-D 

if g 

— D ^ 


In [25], the denominators of normalized R -matrices between fundamental modules of 

/oX /oX 

type A y N and D K N are computed as in the following theorem. Note that we have dk,i(z ) = 
di,k(z). 


Theorem 3.2. 


(a) For fl = (N > 2) and 1 < k, l < [———J , we have 


N+ 1 


(3.3) 


,( 2 ) 


min(fc,/) 


<f W - II ' + q N+1 (-q)~ k - l+2s )- 


s =1 


(b) For g — D' 2 - ’ (N > 4) and 1 < k J < N — 1, we have 
(3.4) 


(*-) = { 


( 2 ) 


min (k,l) 


[ (z 2 - (-q 2 )\ k ~ l \+ 2s ) ( z 2 - (_ q 2 yN- 2 -k-l+ 2 .) if l < k,l < N — 2, 

S = 1 

k 

\ (- 2 + (- q 2 ) N ~ 1 ~ k+2s ) if 1 < k < N - 1 and 1 = N - 1, 

S = 1 

N—l 

n (^ + (-g 2 ) s ) if k — l — N — 1. 


S =1 


3.1. The Quiver ^o(s)- For each g, we define a quiver as follows: 


(i) The set of vertices is the set of all equivalence classes I B := (J 0 x k x )/ 
where the equivalence relation is given in the following way: 

(' i, x) ~ (J, y ) if and only if V(wi) x ~ V[wf) y . 

(ii) We put d many arrows from (i,x) to ( j,y ), where d is the order of the 
zero of d i} j(z) at z = y/x. 


(3.5) 
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By [1, (1.7)], for x, y G k x and i G Jo, and g = A$ (N > 2, t — 1, 2) or g = D$ 
(TV > 4, t = 1, 2) we have 

( x 2 = y 2 if g = (n > 2), i = n 

(3.6) V(zui) x ~ V(wi) y 4=^ i x 2 = y 2 if g = (N > 3), 1 < i < N - 2, 

yx = y otherwise. 

Let e5“o(g) be a connected component of ^(g). Then ^o(g) is uniquely determined up 
to a spectral parameter and hence ^o(d) is unique up to a quiver isomorphism. For the 
rest of this paper, we take ^o(d) as follows: 

^o(4 1} ) : = Kb (-V) P ) e {1,..., nj x k x | p = d( 1, i) mod 2}, 

^o( D nh) ■= {(*, {-q) p ) e {1,..., n, n + 1} x k x p = d(n , i) mod 2}, 

. . «*o(42) := {(*, (~q) p ) G {1,..., n} x k x | p e Z}, 

(3-7) 12) 

^{ A 2 n-i) ■= {(*, ±(-?) P ) e {1,..., n) x k x I 1 < i < n, p = i + 1 mod 2}, 
^)(A ( 2 i) : = {(*, (v C i)g p ), (*',g p/ ), (n,±g r ) G {1,... ,n} x k x I 1 < i,i' < ra - 1, 
p = n — i = 0 mod 2, p = n — i! = 1 mod 2, r = 0 mod 2}. 


Recall that d(i,j ) denotes the distance of z and j in the Dynkin diagram of g 0 . 
We dehne the maps 

7T, (1 ): y(A^) -A y(A$) and 7r„ (1) : ^(Z^) -A ^(. D £>) 


7T ( i)(i,x) : = 


by 

(3.8) 

- -_/v 

and 

(3.9) 7r (i) (z, a:) := 
for ielo and x G k x . 


(*,®) if 1 < * < L— Y~ J> 

(IV + 1 - i, (-l) N x) if J < i < N 


( i , (^T) 5 ^ mod 2 i +1 x) ~ (z, (V^T)^-^) if 1 < i < IV - 2, 
(IV - 1, (-l)V) if i G {N- 1,1V}, 


Proposition 3.3. 

(i) The maps tt .(i) and zr m are 2 : 1 quiver morphisms. 
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(ii) They induce quiver isomorphisms 

'T’oiAft) ^o(4?) <™d y 0 {D^)^y 0 {D^). 

(iii) The maps 7r. (i) and tt (i> commutes with the duality *. More precisely, setting gh) = 

A TV U N 

or , and denoting by V^\i,x) the U' q (g^)-module V{wf) x , 

V {1 \j,y) implies (yW(TT gW (i, x)))* ~ F (2) (7r 0( i)(j, y)). 

Proof. Our assertions follow from Theorem 2.2, Theorem 3.2, isomorphisms (3.6) and 
(3.1), (3.2). □ 

By Proposition 3.3, we have the following corollary: 

Corollary 3.4. Let gh) be the affine Kac-Moody algebra of type A$ (TV > 2) or 

(TV > 4) and gY its classical part (t = 1, 2). For any quiver Q of type g^ take the index 

set 

J := 0 _1 (n (i) x {0}) 

and define the two maps s ^ : J —> I^\ and X^ : J —y k x by 

(s {2) (f,p),X (2) (f,p)) = 7r 0 (i)(*', (-g) p ), 

where 1^ denotes the index set of simple roots for g®. Then, the quiver 5^ J coincides 
with the quiver Q rev obtained from Q by reversing all the arrows. 


By Corollary 3.4, we obtain an exact KLR-type duality functor 
(3.10) : Rep(.R) -A & gW for g (2 > = A or D$ ■ 

Here R denotes the quiver Hecke algebras of type g^ = An or D^. 


3.2. Similarities. Now we shall observe interesting similarities between the representa¬ 
tions of quantum affine algebras of untwisted types and twisted types thorough the maps 
7 T ( 1 ) and 7 T ( 1 ). 

U N 

In the sequel, g (t ) denotes A® (N > 2) or (TV > 4) for t = 1,2. We denote by 
/h) and 1^ the index set of simple roots for gh) and its classical part gj^, respectively. 
We denote by V®{wj) the fundamental module for U' q (g^). For (i,x) £ 1^ x k x , we set 
R (t) (*,z) := V®(mi) x . 

For any Dynkin quiver Q of type g^ and a height functions £, we set 


T/l 1 ) ( T/WG ^ T A 2 Ar\ —T/( 2 )f 
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where 0 1 (/3, 0) = (i,p) and x = (~q) p - Here 0 is the map in (2.4), and /3 is a positive 
root in A + (1) . 


Proposition 3.5 ([10]). Let gd) — ^d) or £>d)_ p or an y (i,x) G ^(gd)), we have 


dimk V r ^ 1 )(«, x) = dim k P (2 )( vrg (^ x ))_ 


Proposition 3.6 ([5, Theorem 6.1, Theorem 7.1]). 

(a) Let gd) — ^d) an( j ^ ^ y) ; z ) ^ /d) x _ pfo en 

Hom u^ s m){V {1} (i,x)®V (1) (j,y),V {1) (k,z)) ± 0 
if and only if one of the following conditions holds: 
f(A-i) i + j < N + 1, k = i + j, x/z = (~q)~ j , y/z = (-g)\ 


(3.11) 


(A-ii) i + j > N + 1, k = i + j — A — 1, x/z — (—q) N 1+j , y/z = (~q) N+1 l . 


(b) Let gd) — p d) anc i x f yf -) g jd) x k x . Then 


Hom ufaW)(V {1 Hi,x)®V il) (j,y),V il) (k,z)) ± 0 


if and only if one of the following conditions holds: 

(D-i) £ := max(i, j, k) < N — 2, s + m = £ for {s,m} := {i,j, k} \ {£} and 


f {(~q)~ j , (-?)*)> if£ = k, 

(x/z, y/z) = l ((-q)-i, (~q)~ i+2N ~ 2 ), if £ = i, 

l((-9) i_JW+2 >(-9) i )> if Z = 3, 

(D-ii) i+j > N, k = 2N — 2 — i—j, max(i, j, k) < N — 2, and x/z = {—q)~\ 



Remark 3.7. 
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(a) Note that the triples ((i,x),(J,y),(k, z)) in Proposition 3.6 belong to the same 
connected component of ^(g* 1 )). gd) = /by or D^. 

(b) Let ((i,x),(j,y),(k,z)) be a triple appearing in Proposition 3.6. Then the nor¬ 
malized R-matrix ) vW (zo )( z ) ^ ias a mL1 lbiple pole at z — y/x if and only 

if ((i,x), ( j,y ), (k,z)) satisfies the condition (D-ii) in (3.12). (See Lemma 3.2.4 in 

NO 

Proposition 3.8 ([25, Section 3], [18, Corollary 3.3.2]). 

(a) Let (i,x), ( j,y ), (k,z) G ^o(A^). Assume that 

(i,x) = 7T m (i',x'), (j, y) = vr a )(j',y') and ( k,z) = vr m (k',z') 

such that (i',x'), ( j',y '), ( k',z ') G <9o(A^) satisfy one of the conditions in (3.11). 
Then we have an epimorphism 

V {2 \i,x)®V {2) {j,y) -» R ( 2 ) (/c, z). 

(b) Let (i,x), ( j,y ), (k,z) G ^ o(Dffl). Assume that 

(i,x) = 7 T m (i',x'), ( j,y ) = vr a )(j',y') and ( k,z ) = vr m {k',z') 

such that ( i', x'), (j',y'), (k', z ') G J?o(D^) satisfy one of the conditions (D-i) or 
(D-iii) in (3.12) Then we have an epimorphism 

V (2 \i,x)®V (2 \j,y) ^V {2 \k,z). 

Proposition 3.9 ([26, 27]). Let gd) = ( respectively, D$), and let Q be a Dynkin 

quiver of type gi'b Assume that (/3, 7 ) is a minimal pair of a G A + m with respect to the 

_ 00 

convex total order induced by a reduced expression wq of wo adapted to Q, and write 

0 _ 1 (/3,O) = (i,a), 0 _ 1 ( 7 ,O) = (j,b) and 0 _ 1 (o, 0 ) = (fc,c). 

Then the triple (i, (—q) a ), ( j , (—g) 6 ), (k, (—g) c ) satisfies one of the conditions (A-i) or (A- 
ii) in (3.11) ( respectively, (D-i) or (D-iii) in (3.12)). In particular, there is a surjective 
homomorphism 

(o) 

In Section 5, we will prove the following theorem by using the exact functor Tf . Note 
that Proposition 3.8 is a special case of this theorem. 
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Theorem 3.10. Let g (1) = or D$, and let (i,x),(j,y),(k,z) G Then there 

exists an epimorphism 

V (2) (n gW (i, x)) ^V {2) (n gW (j,y)) -» V i2 \ir g m(k, z)) 
if and only if there exists an epimorphism 

V^ii, x) ® y) -» V^(k, z). 


Note that, for an arbitrary quantum affine algebra 77(g), V{wf) x ® V(wj) y has a simple 
head by [17]. Hence we have 

dimKom u ^ g )(V(m i ) x ®V(G7 j )y,V(G7 k )z) < 1 . 

4. The functor XF { q 

/q\ 

In this section, we investigate the properties of the exact functor XFq given in (3.10). 
Recall that R is the symmetric quiver Hecke algebra of type g^. 

Theorem 4.1. For any Dynkin quiver Q of type gf / 1 and a e A + (1); we have 

00 

L 2> (S Q (a)) ~ Vq 2 > (q), 

where Sq(cx ) denotes the R(a)-module defined in Remark 2.6. 


Proof. We shall prove our assertion by induction on lit (a). For a with lit (a) = 1, our 
assertion follows from Theorem 2.1 (a). Now we assume that lit (a) > 2. Note that there 
exists a minimal pair (/?, 7 ) of a. By Theorem 2.5 (c), we have a six-term exact sequence 
of R(a)-niodules 


0 -A S Q (a) —► Rq(/3) o 5q( 7 ) -4 5q( 7 ) o S Q tf) ^4 S Q (a) -A 0. 

/Q\ 

Applying the functor XFq\ we have an exact sequence of 77(g)-modules by the induction 
hypothesis 


0 -► ^(S Q (a)) ^ V Q ] W ® vf( 7 ) V§\ 7 ) ® V§\fS) ^ 4 - J%’(S Q (a)) -> 0 . 

/o') /o\ 

On the other hand, Proposition 3.9 implies that VX '( 7 ) ® VX (/3) is not simple. 

We have then Jq\Sq(o)) 7 ^ 0. Indeed, if it vanished, we would have 

C 0 3 )® V Q 1 M - Vq\V ®v£>(/3), 

which implies that Vq\t) ®Vq\/3) is simple by [17, Corollary 3.16]. 


d 2 ) / 


d 2 ) / 


4 2 ) h) 


■ 44 s ) 


d 2 )/ 
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/o\ /o'n ( n\ 

Hence Jq } (Sq(o)) is the image of a non-zero homomorphism Vq ( 7 ) ( 8 ) Vq((3) —> 
Vq\P)®Vq\i)- Hence, [17] and the quantum affine version of [19, Proposition 4.5] 
imply that J : q\Sq{o)) is the simple head of Vq\ 7 ) <%>Vq\/3). 

On the other hand, Vq\oi) is a simple quotient of Vq\ 7 ) <g) Vq\/3) by Proposition 3.9. 

Q\ /Q\ 

Hence we obtain the desired result Fq (Sq( a)) ~ Vq (a). □ 


Lemma 4.2. Let (3 ,7 G A + m 

So 

7 ~^Q P- 


and t 


1,2. If R no IV (t) ( z) has a pole at z 


1, then 


Proof. By Proposition 3.3, it is enough to prove the case t — 1. Set <fr 1 (/3, 0) = (i, a ) and 
0 _ 1 (7,O) = (j,b). Assume that E ^lg )iV w (7) ( z ) has a pole at 2 = 1 , or equivalently, the 

denominator dij(z) has a zero at 2 = (—q) b ~ a . Then we can easily see that d(i,j )+2 < b—a 
by Theorem 2.2. Here d(i,j) is the distance of i and j in the Dynkin diagram. Then 
7 Aq P by the definition ( 2 . 6 ). □ 


For {^} / 3 e A+ e (Z> 0 ) °° , let us denote by ®g gA + (Vq (/S))® 7 ”' 3 ) the increasingly 
So 15 Bo 15 

ordered tensor product with respect to a total order on A + (1) stronger than Aq- The 

So 

isomorphism class of the module <8> / g gA + (Vq , ((3))® rn t 3 does not depend on the choice of 

GO 1 ’ 

—^ 

such a total order by Lemma 4.2. Note also that <g) (Vq (/3))® mp ) has a simple head by 
Lemma 4.2 and [15, Theorem 2.2.1 (ii)]. 


Definition 4.3. The category 7 is the full subcategory of ^( 2 ) consisting of objects 

—^ 

M such that any simple subquotient of M is isomorphic to hd(0 /3eA + (Vq '(/ 3))® m P ) for 

■o 1} 

A+ (l) 

some {mp} peA + e (Z> 0 ) °o . 

So 

Note that there is a similar characterization of % J q ■*. 

By the definition, %q ; is stable under taking subquotients and extensions. Note that 
we have 


(4.1) If V®(wf) x belongs to < &q \ then it is isomorphic to Vn\p ) for some (3 e A + (1) . 

9o 
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Indeed, the dominant extremal weight of hd(® (Vg t ' > (/3)) l8lm ' 3 )) is equal to YlpeA + m p ZJJ ig 

B o ^ 

for t — 1 (respectively, is equal to YlpeA+ rnpvj^ for t = 2), where <j>(ip,pp) = (/3, 0) and 


B o 1) 


i'p denotes the first component of 7r g m(ip, (~q) pp ) fo r P e A + (1) . 

0o 

The proof of the following theorem works also for Fq K and it provides an alternative 
proof of [16, Corollary 4.3.6]. 

( 2 ) 

Theorem 4.4. The functor Tq sends a simple module to a simple module. Moreover, 

/o\ 

the functor Tq induces a bijection between the set of simple modules in Rep (A) and the 
set of simple modules in ffg' 1 . 

Proof. By Theorem 2.5, every simple module M in Rep(A) is isomorphic to the image of 
the homomorphism 


(4.2) 

for a unique m G Z> 0 

(4.3) 


V«H := -4 V„(m) := o S,(ft. w )°"'-« 

I-1 k=\ 


k= 1 

Moreover we have 
[V Q (m)] e [Im(r )] 


Z >o[ Im ( r m'^ 

m'^zra 


Applying the functor ] to (4.2), we obtain 


W Q (m):= 

k =1 


A*)/ r \ 


W Q {m) := 0l4 2) (/3,_ fc+ i)® m ’'- fc+1 


fc=l 


Now we shall prove that 

(4.4) )) is simple and isomorphic to hd(VRg(m)). 

If m is a minimal element of Z> 0 \ {0} , i.e. m is a unit vector, then (4.4) follows from 
Theorem 4.1. Assume that m is not minimal. By Lemma 4.2, we can apply [15, Theorem 
2.2.1 (ii)]. Then, WQ(m) has a simple head which is equal to the image of any non-zero 
map from Wq(rn) to WQ{m). Thus it is enough to show that J-q (r ) is non-zero. 

By the induction hypothesis on -< z , every composition factor of Ker(j r ^(r m )) is of 
the form hd(IyQ(m , )) for some rnf -< z m. By [15, Theorem 2.2.1 (iii)], hd(Wg(m)) is 
isomorphic to hd( W^m 7 )) if and only if rnf = m. Thus we conclude that hd (WQ^m)) 
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cannot appear as a composition factor of Ker (•7 r q l ( r „ ( )), which yields that J 7 ^ (r m ) is 
non-zero. □ 

Corollary 4.5. 

(i) The functor J 7 ^ induces a functor Rep(i?) -A ■ 

(ii) The functor J 7 q' 1 is faithful. 

(n\ 

(iii) The category ; is stable under taking tensor products. 

Proof, (i) follows immediately from Theorem 4.4. 

(ii) Since J 7 ^ sends simples to simples, the module Im(J r g^(/)) does not vanish for any 

/q\ 

non-zero homomorphism /. Hence Jy, '(/) is non-zero. 

(iii) follows from the fact that J 7 ^: Rep(i?) —> ^q' 1 sends a convolution product to a 

tensor product. □ 

By this corollary, we have another characterization of ^g ;1 is the smallest full 
subcategory of ^( 2 > such that it is stable under taking subquotients, extensions, tensor 
products and it contains Vq\ai) for all i e I^\ 

Corollary 4.6. The functor J 7 ^ induces a ring isomorphism 

y 2 ):K(Rep(fl))^K(f«) 

and hence a ring isomorphism 

V := P ° (PP ■ K(<>) Kff«). 

Moreover, the ring isomorphism ip sends simples to simples and preserves the dimensions. 

Proof. The hrst assertion follows from the preceding corollary and the fact that Tq ; sends 
a convolution product to a tensor product. For the last assertion on the dimension, we 
can apply the same induction argument of [18, Theorem 3.5.10] along with Proposition 
3.5. □ 

Conjecture 4.7. The functor J 7 ^: Rep(i?) -A (t = 1,2) is an equivalence of cate¬ 

gories. 
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5. Proof of Theorem 3.10 

In this section, we give a proof of Theorem 3.10 for each g, which we have postponed 
in Section 3. 

Lemma 5.1. Let g (1) = A$ or . Assume that (i,x), ( j,y) is a pair of elements of 
t y 7 (g (1 ' ) ) such that they are connected by an arrow and that and V^ l \wj) y are 

not dual to each other. Then there exist a Dynkin quiver of type go\ a height function 
a G k x and (■ i,s ), ( j,t) G Tq such that ((i,x), ( j,y )) = (( i,a(-q) a ), (j,a(-g) 4 )). 

Postponing the proof of this lemma, we shall prove Theorem 3.10. 

Proof of Theorem 3.10. Assume that there is an epimorphism 

(5.1) V {1 \i,x)®V (1 \j,y) -» V^\k,z) 
or an epimorphism 

(5.2) V {2 \7i Q m(i,x)) ®V {2) (n sW (j,y)) -» P ( 2 ) ( 7 r g( i) (fc, z)). 

Then (i,x) and (j,y) G ^(g^) are connected by an arrow. Moreover V^\i,x) and 

V ( ' X fjp y) are not dual to each other. Indeed, if V^(i,x) and V^(j,y) were dual to 

each other, then W 2 '(7r fl (i) (i, x)) and V-l (7r g (i) (j, y)) would be also dual to each other by 

Proposition 3.3 (iii). Then, there would not exist an epimorphism (5.1) nor (5.2). 

Hence, by Lemma 5.1, there exist a Dynkin quiver Q of type g^, a height function £, 

a G k x and (i,s), (j,t) G such that ((i,x), (j,y)) = (( i,a(-q ) s ), (j,a(-g)*)). We may 

assume a = 1 without loss of generality. Then, V^\i,x) and y) belong to ^q\ 

and also V( 2 )(7r fl (i) (i, x)) and V^(7r g (i)(j, y)) belong to % j q ] . Hence V^(k,z) belongs to 

^q 1> or l/( 2 l( 7 r g (i) (k, z)) belongs to By (4.1), there are a,/3 ,7 G A + {1) such that 

00 

= v£\c), vW(j,y) = Vq\/3), V m (k,z) = v£>( 7 ), W( V) (i,x)) = V^ 2 ) (a), 
VW(ir,mU,y)) = Vq’W) and V< 2 >(tr„<«(M) = vg\ 7 ). Let/: S Q (a)oS Q (,e ) S Q tf) o 
Sq(cc) be a non-zero morphism in Rep(i2). Then Im(/) is the simple head of Sq(o)oSq(I3) 
and Im(j r Q ) (/)) is the simple head of Vq\ol) ® Vq\(3). Therefore, for each t = 1 , 2 , we 
have the equivalence relations: 

there exists an epimorphism Vg\a) ®Vq\f}) -» Vq\ 7 ) 

« Im(4‘>(/)) ~ - r>‘>(s Q ( 7 )) 

Im(/) - 5 q(7). 
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Thus we obtain Theorem 3.10. 


□ 


Before starting the proof of Lemma 5.1, let us remark on the Auslander-Reiten quiver 
r Q- 

The set of vertices (Tq) 0 of Tq is described as follows: 

(5.3) (T q ) o = {(i,p) e /o x Z | & - 2 mi < p < &, p = & mod 2} 

where m; := max{£; G Z> 0 | T k (^f) G A+}. 

Example 5.2. 

—y 

(a) For a quiver Q : •---•.■■■•——-• of type An, we have ///, N— i 

for all ?g4 

^— 

(b) For a quiver Q := •--•--•■<.—• of type An, we have ///,• i — 1 

for all i G /q. 


Note that, for any Dynkin quiver Q of type Hat and any 1 < i < iV, rrq’s in (5.3) are 
given as follows ([27, Lemma 1.11]): 


(5.4) 


rrii = N — 2 

mjv_ i = N — 3, mAr = — 1 

< 

rriN-i = N — 1 , mAr = N — 3 
m N ^i = m N = N — 2 


if 1 < i < N - 2, 

if TV = 1 mod 2 and £at = ^v-i + 2, 
if AZ = 1 mod 2 and £at-i = £at + 2, 
otherwise. 


Proof of Lemma 5.1. Without loss of generality, we may assume (i, x), (j, y) G ^o(s (1 ^)- 
Set (i,x) = (i, (— q) s ) and (j,y) = (j, (—?)*)• By the assumption, (— q) e is a root of dij(z) 
for l = |s — t\ > 0. In this proof, we only consider the case when i > j and s < t. The 
other cases can be proved by similar arguments. 

(Case g = A^) Note that the case i + j = t — s — N + 1 is excluded by the assumption. 
By (2.8), we have 

i — j + 2 < t — s < min(i + j, 2(N + 1) — i — j) and t — s = i — j mod 2. 

Hence, one of the following two conditions holds: 

(i) t - s <i+j - 2, 

(ii) t — s < 2N — i — j. 
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Indeed, otherwise, we have i + j, 2N — i — j + 2 < t — s < min(i + j, 2 (IV + 1) — i — j), 
which implies i + j — t — s — N + 1. It is a contradiction. 

In case (i), we set = t + k — j. Then we have m k = k — 1 by Example 5.2 (b), and 
t - i - j + 2 = & - 2 rrii <s<^ = t + i-j. 

In case (ii), we set £, k = t — k + j. Then we have m k = N — k by Example 5.2 (a), and 
t — 2N + i + j = & — 2 rrii < s < & = t — i + j. 

Now let us consider the case 0 = D^. 

(Case g = 1 < j < N — 2) In this case we may assume that i < N — 1. Choosing 

£jv_ i = £n, we may assume m k = N — 2. By (2.9), we have i—j + 2 < t — s < 2N — 2+j — i 
and t — s = i — j mod 2. Hence, by taking Q = t, and & = t — i + j, we have 
— 2 rrii = t — i + j — 2N + 4 < s < ^ except the case i — j and t — s = 2N — 2. The last 
case is excluded by the assumption that V{wi) x and V(wj) y are not dual to each other. 

(Case 0 = Dff, i,j G {IV —1, N }) By (2.9), we have 2 < t — s < 2N—2 and t = s mod 2. 

Assume first that N is even. Then the case i — j = t — s — 2(N — 1) = 0 is excluded by 
the assumption. By (5.4), we have m k = N — 2. Hence it is enough to take = t and 
€i = t - 2S(i ^ j). Then & - 2< s < 

Assume next that N is odd. Then the case i ^ j, t — s = 2 (IV — 1) is excluded. If 
% — j then we take rrii — N — 1, £* = t. If i ^ j, then 0 < t — s < 2 (IV — 2) and we take 
= t, rrii = N — 2. Then ^ — 2 rrii < s < □ 
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